The need for ever higher energies in lepton colliders gives rise to the investigation of new accelerator schemes for elementary particle physics experiments. One perceivable way to increase the collision energy would be to combine conventional lepton acceleration with strong laser fields, making use of the momentum boost a charged particle experiences inside a plane electromagnetic wave. As an example for a process taking place in such a laser-boosted collision, Higgs boson creation is studied in detail. We further discuss other possible particle production processes that could be implemented in such a collider scheme and specify the required technical demands.
I. INTRODUCTION
Experiments of high-energy physics require increasingly powerful and highly-energetic particle colliders. Conventional accelerators, however, face certain limitations with regards to damping, size and cost. For example, the Large Electron-Positron Collider (LEP), the most powerful lepton accelerator in history, could not reach sufficiently high energies for Higgs boson creation to become possible in electron-positron collisons. Damping effects due to its circular shape have rendered further increase of the collision energy impossible and so the LEP was replaced by the Large Hadron Collider (LHC) which, recently, succeeded in the discovery of the Higgs boson [1, 2] . Still, Higgs boson production in lepton collisions is an important process to investigate, since certain properties and couplings of the Higgs boson cannot be examined in hadron collisions [3] . But the required collision energies can, by conventional means, only be obtained in even larger circular or newly built linear colliders, both of which are very cost-intensive. For these reasons, alternative acceleration methods are under active scrutiny.
In view of the fast development of power and intensity of modern laser facilities, laser acceleration becomes in- creasingly interesting for high-energy physics processes. The most intense laser facility to date is the HERCULES laser in Michigan, reaching intensities over 10 22 W/cm 2 [4] . The record in laser pulse energy is currently held by the National Ignition Facility (NIF) in Livermore, USA, with peak powers up to 500 TW and pulse energies up to 2 MJ [5] , and the most powerful lasers such as the Vulcan laser in UK or the Texas Petawatt Laser reach pulse powers in the petawatt regime [6, 7] . In Europe, the future Extreme Light Infrastructure (ELI) currently under construction is bound to reach intensities over 10 25 W/cm 2 and pulse powers in the multi-10 PW regime [8] . In Russia, the Exawatt Center for Extreme Light Studies (XCELS) project has similar goals [9] . Laser facilities with such high intensities and pulse powers offer broad opportunities with regard to strong-field quantum electrodynamics (QED) [10, 11] , laser-based high-energy physics [12] [13] [14] [15] , and studies of physics beyond the standard model [16] [17] [18] [19] [20] [21] [22] .
Concerning alternative particle acceleration schemes, one very promising ansatz involves laser acceleration based on laser-plasma interaction. The so-called laser wakefield acceleration (LFWA) has successfully been realized in experiments, accelerating electrons from solid targets to a few GeV [23, 24] , producing highlyrelativistic positron beams with energies up to the 100 MeV regime [25] [26] [27] , or increasing the energy of parts of a pre-accelerated electron beam [28] along very small accelerator extensions. In the latter case, the plasma wave was induced by the initial particle beam itself instead of an external laser wave. An LWFA-based TeV-lepton collider has been proposed [29] .
Another acceleration scheme involving strong laser fields is laser-particle acceleration directly in the vacuum [30, 31] . Here, one makes use of the fact that charged particles, while traveling in a strong electromagnetic wave, may temporarily gain vast amounts of energy. The applicability of this mechanism to high-energy physics experiments is studied in [32] [33] [34] . Relativistic electron-positron pairs have been produced in high-energy electron-laser collisions [35] and laser-accelerated electron beams were utilized to study Thomson scattering [36] .
In this paper, we study various processes of particle physics in a collider scheme where lepton and antilepton beams are pre-accelerated by conventional methods and superimposed by a strong laser field prior to the collision so that the latter takes place inside the laser wave and the particles are further accelerated to higher collision energies (Fig. 1) . Based on this concept, which has first been introduced in [32] , we have recently presented in [37] an investigation of Higgs boson production in lepton collisions which were boosted by a linearly polarized laser field. We now expand our investigation of this exemplary electroweak process by analyzing its dependence on the applied laser field amplitude, frequency and polarization and the incident lepton energy. Additionally, we study further particle creation processes: as an example of a purely QED process, we examine the production of muon-antimuon pairs in laser-boosted electron-positron collisions and finally, we discuss resonant hadron production.
The paper is organized as follows. We will first specify the units system and the notation used and briefly introduce the concept of "laser-dressing" of elementary particles in plane electromagnetic waves. In the next section, section II, we present the calculation of the process ℓ + ℓ − → HZ inside a laser wave, first in a circularly polarized field, and then in a linearly polarized one. We then specify the properties of the laser pulse required for the parameter sets to which we give numerical results. In the following section III, we first present in detail the corresponding calculation and numerical results for the process e + e − → µ + µ − for both considered laser polarizations and, again, specify the experimental demands. After that, we discuss the laser parameters that would be necessary for the resonant production of neutral pions, Φ mesons and J/Ψ mesons. In the final section IV, we summarize our results.
A. Notation
Throughout our calculations, we use a natural units system with = c = 4πε 0 = 1 and e = √ α with the fine structure constant α [38] , and the metric tensor in its form g µν = diag(1, −1, −1, −1). The γ−matrices are employed in the Dirac representation,
with the Pauli matrices σ i . The fifth γ−matrix is given by γ 5 = iγ 0 γ 1 γ 2 γ 3 [39] . We employ Feynman slash notation for four-products of four-vectors with γ-matrices, γ µ a µ = a. Four-products of four-vectors a, b are written as (ab). Laser potentials A µ are used in the Lorenz gauge, i.e. (∂A) = ∂ µ A µ = 0 and A 0 = 0 [40] .
B. Leptons in Plane Electromagnetic Waves
We will now briefly summarize the relevant equations for lepton motion in plane electromagnetic waves. A detailed derivation can be found in [40, 41] . The state ψ of a lepton with charge e and mass m traveling in an electromagnetic field with the four-potential A must solve the Dirac equation
The solutions ψ for a plane electromagnetic wave with wave vector k and frequency ω have first been calculated by Volkov in 1935 [42] and are therefore called the Volkov states. Their general form is given by
for leptons and
for antileptons. The spinors u ± are free Dirac spinors, fulfilling the normalization uu = 2m, N p is a normalization, and S ± is given by
It corresponds to the classical action of the (anti)lepton in the laser field. The time average of the current density j µ corresponding to the Volkov state (3) is given by
where we used uγ µ u = 2p µ . We can thus associate the lepton motion with an effective or laser-dressed momentum
with which we can choose the normalization constant to be N p = 1/2q 0 so that the 0-component of the current density is normalized to j 0 = 1. In eq. (7), we introduced the laser intensity parameter
which is a dimensionless measure for the impact of the laser wave on the lepton. The laser-dressed momenta q from eq. (7) can be much larger than the free lepton momenta p: if the leptons are travelling with a relativistic velocity in the direction of the laser propagation, the four-product (kp) can become very small and thus the field-dependent summand containing the laser impact may become very large. Corresponding to the effective momenta q, we can introduce an effective mass m * = 1 + ξ 2 m, for which (q) 2 = m 2 * .
II. HIGGS BOSON CREATION
In lepton collisions, the most important Higgs boson creation mechanism is the associated production with a Z boson via the process ℓ + ℓ − → Z * → ZH (cf. Fig. 2 ). Without a laser field, the well-known transition amplitude for this process reads [43] 
with the Weinberg angle θ W , the weak coupling constant g = e/ sin θ W , and the leptonic weak neutral coupling constants g V and g A . The first line of Eq. (9) describes the lepton-antilepton vertex and the second line contains the propagator of the virtual Z boson as well as the outgoing particles' vertex. In the virtual Z boson's propagator, the decay width Γ of the Z boson can be neglected due to the large collision energy involved. Further neglecting terms of the order m/M Z , m/M H , and m/ √ s, which is justified because the lepton mass m is small compared to the large masses of the produced bosons M Z and M H as well as the large collision energy √ s, this leads to the total cross section 
The total cross section (without a laser field) thus only depends on the collision energy √ s as shown in Fig. 3 . Please note that it does not depend on the species of colliding leptons as long as their mass is well below the collision energy and masses of the produced bosons, i.e. Eq. (10) holds for muon-antimuon collisions as well as electron-positron collisions.
Inside the laser field, the leptons are no longer described by free Dirac spinors u ± as in Eq. (9), but the Volkov states from Section I B have to be used. With this, the transition amplitude reads, in position space,
Since the Volkov states ψ ± (x) depend on the laser potential A, the polarization of the laser field plays a role in the evaluation of the transition amplitude (12) . In the following, we show the analytical calculation as well as some numerical results for circular and linear polarization of the laser field.
A. Circular Polarization
We now consider the process ℓ + ℓ − → HZ inside a laser field with circular polarization, i.e. with the laser poten-tial A c (κ) = a 1 cos(κ) + a 2 sin(κ) (13) with κ = (kx), a 1 = (0, a, 0, 0) and a 2 = (0, 0, a, 0), a being the amplitude of the laser field. With this, the Volkov states from Eqs. (3) and (4) become
with the laser-dressed momenta
containing the laser intensity parameter
With the abbreviation Γ µ := γ µ (g V − g A γ 5 ), we can now investigate the leptonic current
with
The second exponential function in Eq. (17), as well as its products with cos κ and sin κ, can be expanded in a Fourier series, as is standard procedure in QED processes [44] :
with the coefficients
containing regular cylindrical Bessel functions J n of integer order n [45] . Their argument is
and the angle κ 0 is given by
Thus, we can write the leptonic current as
containing the dimensionless spinor-matrix products M n µ . This allows us to perform the integrals in Eq. (12), leading to the transition amplitude
which is a sum over partial transition amplitudes S n depending on the order n of the Bessel functions, which may be interpreted as the number of absorbed (if n > 0) or emitted (if n < 0) laser photons. The four-momentum of the virtual Z boson, q n = q + + q − + nk, is now also dependent on the photon order n.
The cross section is derived from the transition amplitude via
with the unit time τ and the laser-dressed flux j of the incoming particles [46] 
With the abbreviations
spins T n T † n containing lengthy traces over products of up to eight γ−matrices, squaring of the transition amplitude leads to
Integration over the Z boson's momentum d 3 P Z eliminates three of the four dimensions of the δ−function and leads to P Z = q n − P H . The remaining energyconserving δ−function δ(q 
From the restriction that |cos Θ H | ≤ 1 follow the integration limits
for the integration over dE H , and the integration over the Higgs boson's azimuth angle dΦ H yields a factor 2π due to the symmetry inside the circularly polarized laser field. We thus obtain the final expression for the total cross section,
which can again be written as a sum over partial cross sections σ n . The final integration over the produced Higgs boson's energy has been performed numerically.
We now discuss the results of the numerical calculation of Eq. (30). We will restrict our considerations to the special case where p ± = (p 0 , 0, 0, ±p 3 ), i.e. where the leptons' initial momenta are opposite and equal and perfectly (anti)parallel to the laser propagation direction. In this case, the laser-dressed lepton energies are q 0 − ≈ p 0 (1 + ξ 2 c ) for the particle co-propagating with the laser wave and q 0 + ≈ p 0 for the counter-propagating particle. Since the lepton momenta contain no components in the directions perpendicular to the laser propagation axis, the argument of the Bessel functions is α = 0 (see Eqs. (18) and (21) a root at the origin, and therefore, only n = 0 or ±1 laser photons can be involved in the process (see Eq. (20)). Since the energy of one laser photon is negligible as compared to the total energy involved in the process, the collision energy can then be written as
It is now chosen such that a field-free collision of similar c.m. energy would yield the maximum cross section, i.e. E cm ≈ 244.5 GeV. As can be seen from Eq. (31), the stronger the laser field (i.e. the larger ξ c ), the stronger is the enhancement of the initial collision energy. 
FIG. 6: (Color online)
Dependence of the contributions from the different photon orders on the laser intensity parameter ξc for the process ℓ + ℓ − → HZ in a circularly polarized laser field where the free lepton energy is set to p 0 = 244.5 GeV/2 1 + ξ 2 , i.e., where the total cross section is the maximum field-free cross section. Fig. 4 shows the partial cross sections differential in the Higgs boson's energy for each contributing photon order for ξ c = 0.5, ω = 1 eV, and p 0 ≈ 109 GeV, leading to E cm ≈ 244.5 GeV. When integrated over the Higgs boson's energy and summed over all photon orders, the total cross section is σ ≈ 212 fb, i.e. the maximally achievable field-free cross section. Fig. 5 shows the same for ξ c = 5 and p 0 ≈ 24 GeV, where the same cross section is obtained. Here, the dominant photon order stems from the absorption of one laser photon, while zero absorption or emission (the dominant order for the smaller laser intensity parameter) plays only a minor role for the stronger laser field. The dependence of the photon orders' contributions to the total cross section on the laser intensity parameter is shown in Fig. 6 . The stronger the laser field, the less important is the contribution from n = 0 and the more important becomes the interaction with the laser field. The total cross section is always the same as for a field-free collision with the total energy E cm from Eq. (31).
B. Linear Polarization
We now consider the case where the electric field of the laser wave is linearly polarized and the laser potential reads
with a l = (0, a, 0, 0). The laser intensity parameter (8) for this potential reads
and the Volkov states (3) and (4) become
The leptonic current is now
with the abbreviations
and
The functionsf (κ), cos κf (κ), and cos 2 κf (κ) from Eq. (35) can again be expanded in a Fourier series,
Here, the generalized Bessel functions [47] 
which are composed of products of regular cylindrical Bessel functions, occur. Similarly to the calculation for circular polarization, we find
with the same values of cos Θ H , E min H , and E max H as for circular polarization (see Eqs. (28) and (29)). The main difference lies in the trace productt n which now contains the expansion from Eq. (37). Eq. (40) has been evaluated numerically.
As before, we now restrict our considerations to the case where the incident leptons' momenta are opposite and equal, p ± = (p 0 , 0, 0, ∓p 3 ), and (anti)parallel to the laser wave vector k. In this case, the arguments of the generalized Bessel functions areα 1 = 0 andα 2 = p 0 ξ 2 l /2ω. Since all regular Bessel functions except J 0 have a root at the origin, the summation in (39) collapses and reduces toJ n (0,α 2 ) = J ℓ=n/2 (α 2 ) with the restriction that n is even (see also Eq. B6 in [47] ). This means that in this particular collision geometry, only pairs of laser photons can be absorbed or emitted. Unlike in the case of circular polarization where |n| ≤ 1, the total numbers of absorbed or emitted laser photons may in principle be very large. Therefore, the collision energy
may vary over a large range of n. For large orders, the Bessel functions have a maximum where order and argument are of comparable size (c.f. [45] ). Accordingly, the numerical calculation of the partial cross sections shows a maximum at n max = 2α 2 = p 0 ξ 2 l /ω and the partial cross sections quickly vanish for higher photon orders (see Fig.  7 ). The collision energy at this maximum photon order is
In principle, the distribution of the partial cross sections has another maximum at −n max , corresponding to E cm (−n max ) = 2p 0 ; however, depending on the initial lepton energy, there may occur a cutoff where the collision energy E cm (n) for a certain photon order does not suffice to exceed the reaction threshold.
The striking difference between the distributions of the partial cross sections σ n for linear and circular polarization can be understood by a classical consideration. In classical terms (see, e.g., [11, 41] ), the collision energy generally depends on the laser phase κ and is given by Classically, all collision energies lying in between are allowed, as long as the threshold energy of (M Z + M H ) is exceeded. Fig. 7 shows the partial cross sections' dependence on the photon order n for ξ l = 0.5, ω = 1 eV, and p 0 ≈ 100 GeV. The initial lepton energy is chosen such that E cm (n max ) ≈ 244.5 GeV, i.e. the maximum collision energy would lead to the maximum cross section in the field-free case. Although the distribution looks continuous, it consists of discrete peaks for each even photon number n. The corresponding distribution of the produced Higgs boson's energy is shown in Fig. 8 for a photon energy of ω = 10 keV which leads to the same total cross section but for which the computation time is vastly reduced. It is asymmetric with a preference toward smaller Higgs boson energies, because only few photon orders contribute to the spectrum for larger Higgs boson energies. When summed over all photon orders, the total cross section for the parameters from Fig. 7 amounts to 93 fb, which is significantly smaller than the maximum fieldfree cross section. This discrepancy can be understood by investigating the dependence of the total cross section on the free lepton energy p 0 as shown in Fig. 9 . The shape of the curve in Fig 9 can be understood qualitatively as follows: The minimum collision energy inside the laser field amounts to E cm (−n max ) ≈ 2p 0 (see also the classical energy in Eq. (43) threshold energy for HZ production, the partial cross sections associated with the lower range of photon numbers (n −n max ) cannot contribute, this way reducing the total cross section. This situation is also illustrated in Fig. 7 . When p 0 is increased, more and more n values are kinematically allowed, leading to a growth of the total cross section. The maximum cross section in Fig. 9 is reached when 2p 0 is close to 244.5 GeV. Here, all even n ∈ [−n max , n max ] give contributions to the total cross section, with the corresponding collision energies lying in the region where the field-free cross section in Fig. 3 peaks. Accordingly, a total cross section close to (but below) the optimum value σ ff ≈ 212 fb is reached. When we increase p 0 further, still all even n ∈ [−n max , n max ] contribute but we move towards higher collision energies and, thus, slide down the cross section curve in Fig.  3 . This explanation is backed by the comparison with a phase average of the field-free cross section, depicted in Fig. 9 .
with the field-free cross section σ ff as introduced in Eq. (10) and the phase-dependent collision energy as defined in Eq. (43) . In the integral, only the phases κ for which
The qualitative run of the curve as well as the height of the maximum resemble the ones found in the laser-dressed calculation.
Increasing the laser intensity parameter, the initial lepton energy can be further reduced. The total cross section as a function of the laser intensity parameter ξ l is shown in Fig. 10 . For each ξ l , the free lepton energy p 0 is chosen such that the maximum collision energy (42) is equal to 244.5 GeV which would correspond to the maximum field-free cross section. Also shown in Fig. 10 is the corresponding phase average of the field-free cross section as introduced in Eq. 44. We find that, for small laser intensity parameters ξ l , the two curves are very similar. For ξ l 0.5, both curves begin to deviate from each other. While the cross section prediction from our full quantum calculation continues to decrease, the phaseaveraged cross section reaches saturation for large values of ξ l . The latter can be understood as follows. With our choice of p 0 , in order to exceed the reaction threshold, the phase κ must fulfill
with R = 244.5 GeV/216 GeV. For large ξ l , this condition becomes cos 2 κ > R 2 and thus the contributing phase interval is constant, leading to a saturation of the field-free phase average.
C. Laser Parameters
We have seen in the previous sections that employing an additional laser field in elementary particle collisions may reduce the required initial lepton energy if large laser intensity parameters are involved. We will now discuss the laser parameters required for such a collider scheme. In our calculation of the Volkov states, an infinitely long plane laser wave was assumed. This approximation is justified only if the leptons sojourn inside the laser field for at least one cycle of the field oscillation. In particular, the laser pulse must cover the co-propagating lepton's trajectory for at least this period. Therefore, the pulse must be long enough so that the distance the lepton travels in the laser propagation direction is covered by the pulse, and the focal area must be large enough so that the leptons are not kicked out of the laser pulse by the interaction with the electric field. The distance in the laser field propagation direction z that the lepton with Lorentz factor γ travels during one full cycle of a laser with wavelength λ is given by [30] ∆z = 2γ
and its oscillations along the polarization direction have the amplitude ∆x ≈ γξλ .
For a Gaussian beam [48] with the beam waist w 0 and the Rayleigh length z R = πw 2 0 /λ, we therefore find that the beam waist must exceed
From this, the minimum focal area and pulse duration of the laser pulse can be calculated as shown in Table I . The previous calculations are independent of the lepton mass and therefore hold for both muon-antimuon and electron-positron collisions. For comparison, we list the laser parameters required for both lepton species for the collision parameters from the examples shown above where a photon energy of ω = 1 eV and thus a laser wavelength of λ = 1.24 µm has been assumed. The first two columns in Table I show the parameters for the circularly polarized laser field with an intensity parameter ξ c = 0.5. As can be seen, the electron-positron collision requires a smaller laser intensity for the same laser intensity parameter ξ c . However, due to the much larger Lorentz factor, the required laser pulse energy is much larger than for muon-antimuon collisions; attains an enormous value of about 200 PJ which is clearly far beyond technical capabilities in the foreseeable future. For muons, it lies in the TJ regime, which is much smaller but still out of reach for near-future laser facilities. The right-hand side of Table I show the same for our examples in the linearly polarized laser field. Here, an elliptic Gaussian beam according to section 6.12 in [49] is assumed where the beam extension along the polarization direction of the electric field is assumed to be w 0 according to eq. (48) and perpendicular to it, it is assumed to be λ. This leads to a much smaller focal area and, thus, to vastly reduced laser pulse powers P = πw 0 λI and energies as compared to the circularly polarized field where P = πw 2 0 I. Therefore, while the biggest advantage of the circularly polarized laser field lies in its reproduction of the field-free cross section and thus possibly high number of produced particles, from a technical point of view the considered collider scheme is more practicable with a linearly polarized laser field. As can be seen in Table I , the profit of the superimposed laser field may be larger in muon collisions than electron collisions since, due to the smaller Lorentz factor, smaller laser pulse durations and thus pulse powers are involved here. In particular, the required pulse energies are substantially reduced to ∼ 1 GJ here. Additionally, damping effects such as Compton scattering off the laser beam are less prominent for the much heavier muons and antimuons. We note that increasing the photon energy, while increasing the required laser intensity for a fixed laser intensity parameter ξ, leads to a smaller required pulse energy: while the intensity for a fixed intensity parameter scales with I ∝ ω 2 , both the wavelength (i.e. beam waist in y−direction) and the required beam waist in x−direction scale with its inverse. Thus, the pulse power remains independent of the photon energy. However, the pulse duration is again inversely proportional to ω, and therefore, the pulse energy can be reduced. The effect is shown in columns 5 and 8 of Table I where, for muons, the required parameters for ω = 10 eV are listed.
Another positive effect of a higher photon energy lies in the fact that the focal area of the laser pulse and thus the interaction area scales with the square of the laser wavelength. A large cross sectional area not only requires high-power laser pulses, but also reduces the luminosity of the collider, since the latter depends on the mean distance between the colliding particles and thus the diameter of the particle beam. For example, in the case of circular polarization and for the parameters of the second column in Table I , the reduction of the collider luminosity due to this effect is approximately two orders of magnitude, if we consider a muon beam with 200 µm radius as is realistic for the considered initial energy [50] . If we consider, e.g., the parameters from column 7 in Table I , i.e. a muon-antimuon collision in a linearly polarized laser beam with the intensity parameter ξ l = 5, the beam waist in x−direction is larger than the initial muon beam, resulting in a luminosity loss of approximately one order of magnitude. In the perpendicular direction, the beam waist λ is much smaller than the initial muon beam. This leads to a reduced luminosity due to the fact that not all the muons from the initial beam will interact with the laser pulse and therefore the number of colliding particles with sufficient energy is decreased. Increasing the photon energy and thus reducing the minimally required beam waist may be beneficial for the luminosity loss; if the available pulse power and energy become large enough, a focal area corresponding to the initial muon beam size might become possible, which could vastly reduce the luminosity loss.
III. OTHER LASER-BOOSTED PROCESSES
We have seen in the last section that, while the combination of conventional accelerator techniques with strong laser pulses may offer interesting oppurtunities, the laser intensities and pulse powers required for the production of Higgs bosons are very challenging for near-future experimental implementation. Therefore, in order to test the validity of the underlying physical prinicples, the study of other, more easily realizable processes might be of interest. In this section, we will therefore first address the production of muon-antimuon pairs in laser-boosted electron-positron collisions in detail and then discuss the possibility of hadron production at the future ELI.
A. Muon Pair Production
In principle, the calculation of the process e + e − → µ + µ − inside a laser field is similar to the one for Higgs boson production presented above. The main differences are the virtual particle propagating between the initial and outgoing particles' vertices and the fact that the produced particles carry electric charge and thus interact with the laser field. The former is, in this case, a photon instead of a Z boson which is represented in the transition amplitude by a free photon propagator. The latter is taken account for by employing Volkov states for the description of the produced muon-antimuon pair, allowing for the absorption of laser photons at their vertex as well. Please note, however, that since the muons are much heavier than the electrons (muon mass M ≈ 200m), they are influenced by the laser field only with an intensity parameter Ξ = (m/M )ξ ≈ ξ/200.
The transition amplitude then reads
with the free photon propagator
The Volkov states for the electron and positron as well as for the produced muon-antimuon pair depend on the polarization of the laser field and the transition amplitude is evaluated again for circular and linear polarization.
Circular Polarization
Like in the case of the Higgs boson production, the current of the incoming leptons is expanded in a Fourier series. For circular polarization, the same result for
The muon-antimuon current is now treated in a similar way. It reads
with η := (ky), the muon/antimuon free Dirac spinors U ± , and
Note that the sign differs from the corresponding definition (18) . The periodic functions in (51) can be expanded into Fourier series analogously to Eqs. (19)- (22) . The photon index at the muon-antimuon vertex will be denoted as N and the Bessel functions' argument β = β 2 1 + β 2 2 . The muonic current can then be written as
(53) with the spinor-matrix product 
Here, r = n + N is the total number of absorbed laser photons, consisting of the number of absorbed photons at the electronic and muonic vertices, n and N , respectively. The energy of the virtual photon propagating between the two vertices is given by (q + + q − + nk) = (Q + + Q − − N k) and the total four-momentum transferred to the produced muons is
The derivation of the partial cross sections σ r is very similar to the procedure for Higgs boson creation and leads to
with the trace product
the produced muon's emission angle given by
and the integration limits
with the muons' effective mass M * = 1 + ξ 2 M in the laser field. For the numerical evaluation of eq. (56), we set again p
− , leading to α = 0 and thus n, n ′ ∈ {−1, 0, 1}. In contrast to the production of the electrically neutral bosons discussed above, there now is the possibility of absorption or emission of laser photons at the produced muons' vertex. The number of these photons must then be N, N ′ ∈ {r − 1, r, r + 1}, and there is no principle restriction of the total number r of absorbed or emitted laser photons. The collision energy as a function of the total number of absorbed or emitted photons is given by
Like in the Higgs boson production process considered above, the total cross section in a circularly polarized laser field is always given by the field-free cross section obtained for the collision energy for zero absorption,
The field-free cross section [38] for the considered process e + e − → µ + µ − has a maximum of σ ff ≈ 1 µb at a collision energy of E cm ≈ 250 MeV. Without the absorption or emission of any laser photons but simply by employing the laser-dressed electron-positron four-momenta q ± , this collision energy would be obtained for a free energy of p 0 = p The total cross section in both cases is σ = r σr ≈ 1 µb. Fig. 12 shows the partial cross sections σ r as function of the total number of absorbed or emitted laser photons r for ξ c = 1 and p 0 ≈ 88 MeV for different values of the photon energy ω. It can be seen that a smaller photon energy leads to an increased number of contributing photon orders (sinceβ ∝ 1/ω), while at the same time the absolute value of the partial cross sections is reduced, so that the total cross section σ = r σ r is independent of ω.
Linear Polarization
We now consider muon-antimuon pair creation from electron-positron collisions in a linearly polarized laser field. Like before, the current of the incoming particles can be obtained from the similar current (35) by replacing Γ µ with γ µ . And, like in the case of circular polarization, the muonic current is obtained in a very similar way, The derivation of the cross section, the produced muon's emission angle and the limits for the final integration over the produced muon's energy is the same as in the case for circular polarization, the only difference lying in the spinor-matrix products lision energy is given by E cm = q 2 r . Again, only pairs of photons can be absorbed or emitted at the electronpositron vertex. However, there are no further constraints on the numbers n, n ′ interacting at this vertex. Therefore, since Ξ l = m/M ξ l ≈ ξ l /200, the number of absorbed or emitted laser photons at the muonic vertex is expected to be much smaller than the number of those absorbed or emitted at the electronic vertex. For ξ l = 1, photon absorption or emission at the muonantimuon vertex indeed shows to be negligible, and thus N = N ′ = 0. From this follows n = n ′ = r and there is no double summation in the expression for the partial cross section σ r . It can therefore be written as
Here, unlike in the Higgs boson production case, the integration over the produced muon's azimuth angle Φ − has to be performed explicitly since the muon interacts with the laser field and thus may be influenced by the non-symmetrical field configuration.
The only contribution of the muonic current to the trace product l T r rr stems from the term containing J N (β 1 ,β 2 ) since the other summands are of order Ξ l or Ξ 2 l . Like in the Higgs boson production process, the first Bessel argument in the electronic current vanishes,α 1 = 0, and the second argument can be written asα 2 = ξ 2 l p 0 /2ω. The generalized Bessel function collapses toJ r (0,α 2 ) = J r/2 (α 2 ), which has a maximum for r max /2 =α 2 . The collision energy corresponding to this number of absorbed laser photons, E cm (r max ) = 2p 0 1 + 2ξ 2 l , is now again set to obtain the maximum field-free cross section, E cm (r max ) ≈ 250 MeV. For ξ l = 1, this is the case for p 0 ≈ 72.3 MeV. Fig.  13 shows the corresponding distribution of the partial cross sections.
The dependence of the total cross section on the produced muon's energy is shown in Fig. 14 . It looks very similar to the differential cross sections shown in Fig. 4 and Fig. 5 for Higgs boson creation. The same similarity in the characteristic features is found for the dependences of the total cross section on the free electron energy p 0 (Fig. 15 ) and on the laser intensity parameter ξ l (Fig.  16) . We again performed a phase average of the fieldfree cross section, similar to Eq. (44) . As can be seen in Fig. 15 , again the dependence of the total cross section on the free electron energy p 0 is qualitatively similar in both cases. The dependence on the laser intensity parameter ξ, like in the Higgs boson production case, is in good agreement with the field-free phase average for small ξ and, with our choice of p 0 , remains dependent on ξ when the latter saturates.
Required Laser Parameters
Like in the case of Higgs boson production, the laser pulse must meet certain requirements in order for the initial electrons to be efficiently accelerated (c.f. Section II C). The minimally required pulse parameters in order to cover the whole lepton trajectory for the parameters considered above are listed in Table II for linear polarization. Since the collision energy needed for muon pair production is much smaller than for the production of the much heavier Higgs boson, the required initial electron energy and thus laser pulse power and energy are much smaller than for the former case. Present-day or near-future facilities are in principle capable of reaching them [4, 5, 8] serve as a proof-of-principle experiment.
B. Hadron Production
We have seen that the muon-antimuon pair production process and the Higgs boson creation inside a laser field show similar characteristics, such as the reproduction of the field-free cross section in a circularly polarized laser field and, in the case of linear polarization, the behavior of the partial and differential cross sections as well as the dependences of the total cross sections on free lepton energy and laser intensity parameter. This indicates that we can assume similar characteristics in other laser-boosted particle creation processes as well. For example, we may expect that for s−channel Higgs boson production at a muon-antimuon collider [52] , which would be another example of an electroweak process, the underlying principles are also the same and it would be implementable, e.g., with 36 GeV initial muon-antimuon beams with an 80 ns laser pulse with GJ energy for an intensity parameter ξ l = 1 in the linearly polarized case.
In this Section, we will address the possibility of hadron production at the future Extreme Light Infrastructure without performing the actual calculations. At the ELI, optical laser pulses with wavelengths in the order of 800 nm and intensities of over 10 25 W/cm 2 are envisaged, with peak pulse powers in the 10-PW regime and pulse durations of 200-300 fs, resulting in pulse energies of 200-300 J [51] . The intensity I ∼ 10 25 W/cm 2 would at this wavelength correspond to a laser intensity parameter of ξ ∼ 1500 for electrons and Ξ ∼ 7 for muons. We choose, however, to be more conservative and consider for electrons a pre-acceleration to p 0 = 50 − 75 MeV which can be obtained, e.g., via laser acceleration and calculate the required laser intensity accordingly. For muons we assume a laser intensity parameter of Ξ = 1 corresponding to a laser intensity of order 10 23 W/cm 2 . We now discuss a few exemplary hadrons to be produced in a collider that combines the ELI laser beams with conventional electron-positron or muon-antimuon accelerators, as listed in Table III. We consider the production of three different kinds of hadronic resonances, namely neutral pions, the Φ−meson and, lastly, the resonance J/Ψ, in the collision of preaccelerated lepton-antilepton beams. As can be seen in Tab. III, circular polarization of the laser field would, due to the large focal area, require very long pulses and thus large beam energies as compared to linear polarization. However, neutral pions might be producable in electron-positron collisions taking place inside an ELI beam for both polarizations, and the Φ−resonance may well be investigated in a linearly polarized ELI beam with 75-MeV electrons and positrons. The comparison with muon-antimuon collisions shows that, for these rather high-energy processes, the heavier collision particles are favourable for this setup because due to their larger mass, the acceleration to high collision energies requires laser pulses of smaller pulse energy. Thus, heavier hadron resonances can be examined than in electron-positron collisions.
IV. SUMMARY AND CONCLUSION
We have seen in section II the detailed analytical calculation for the process ℓ + ℓ − → HZ, i.e. the associated production of Higgs and Z bosons in laser-boosted lepton collisions, for both circular and linear polarization. The biggest advantage of linear as compared to circular polarization for our setup lies in the fact that, in order to keep the colliding particles inside the laser wave, smaller spatial extensions of the laser beam and thus a smaller pulse power are necessary. In a circularly polarized laser field, on the other hand, the total cross section and thus the number of produced Higgs bosons is the same as without the laser field, which, depending on the laser intensity parameter ξ, can be much larger than the outcome in a linearly polarized laser field. We have also found that, due to the larger mass and thus smaller Lorentz factor for muon-antimuon collisions as compared to electron-positron collisions with the same initial energy, the required laser pulse parameters are in favour of muon-antimuon collisions in such a highly-energetic process.
In section III, we have shown the calculation for the process e + e − → µ + µ − , i.e. muon pair production in laser-boosted electron-positron collisions, again for circular and linear laser field polarization. This process and the Higgs boson production process discussed earlier, despite being of different natures, show very similar characteristics.
In the second part of section III, we briefly discussed the resonant production of hadrons in laser-boosted lepton collisions. We presume that the general characteristics will be the same as for the two processes investigated in Laser parameters required for the production of the listed hadrons in lepton-antilepton collisions. For electronpositron collisions, a free energy of 50 − 75 MeV has been assumed, from which the required laser intensity parameter has been derived according to the hadron resonance. For muon-antimuon collisions, a laser intensity parameter of ξ = 1 has been assumed. The laser photon energy has been set to ω = 1.55 eV, corresponding to λ = 800 nm.
detail. The resonance π 0 is, in principle, in reach of the ELI laser pulse when combined with electron-positron beams, even in the case of circular polarization. For the creation of particles with higher rest masses, muonantimuon collisions are favourable.
Between the production of muon pairs and resonant π meson production in laser-boosted electron-positron collisions and Φ meson production in muon-antimuon collisions, we identified several possible proof-of-principle experiments that might be realizable in the near to intermediate future. While the experimental demands for the collider scheme considered in this paper are certainly ambitious, it might be interesting to investigate its feasibility in such an experiment and to investigate the opportunities it might be able to offer in future particle colliders.
